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Introduction
Metamaterials have received much attention in the past. The possibility of creat-
ing a metamaterial with just the required properties for some given application is
tantalizing. However, designing a metamaterial application usually entails making
assumptions, concerning for example the homogeneity of the metamaterial. Only
the experiment or a full-wave analysis of the design, which also incorporates the
detailed structure of the metamaterial, can justify these assumptions and validate
a design. In this paper, a stable plane wave fast multipole method for simulating a
metamaterial consisting of a collection of spheres will be presented. As an illustra-
tive example, this method will then be used to simulate a Luneberg lens which was
designed using the Maxwell-Garnett approximation formula.
The Luneberg lens
The classic Luneberg lens [1,2] of radius a is a spherically symmetric lens which has
an index of refraction given by:
n(r) =
√
2−
r2
a2
(1)
with r the distance to the centre of the lens. If a plane wave impinges on the lens,
a focal point exists at the far side of the surface of the lens. This property is often
used in so-called Luneberg reflectors, which have a good conductor covering part of
the lens. The continuous variation of the index of refraction is usually approximated
Figure 1: Luneberg lens with homogeneous concentric shells.
using homogeneous concentric shells (see Figure 1) but, at least theoretically, it can
also be done using a collection of electrically small dielectric spherical inclusions
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in a host medium with a variable inclusion density. For such a metamaterial, the
Maxwell-Garnett homogenization formula [3] predicts the following relative permit-
tivity:
εr = 1 +
f(r)α
1− 13f(r)α
. (2)
Here, f(r) is the sphere density (the number of spheres per cubic meter) and α is
the polarizability of one sphere, given by:
α = 3V
εs − 1
εs + 2
(3)
with εs and V respectively the relative permittivity and volume of each of the
spheres. By equation (1) the relative permittivity is known and this permits the
calculation of the sphere density as a function of the distance to the centre:
f(r) =
3
α
1− r
2
a2
4− r
2
a2
(4)
Simulation method
In order to simulate a large number of spheres, the T-matrix method is used. In
this method the incoming and scattered electric field of every sphere is expressed in
terms of the vectormultipoles [4]:
Einc(r) =
L∑
l=0
l∑
m=−l
[
ainclm M
j
lm(r) + b
inc
lm N
j
lm(r)
]
(5)
Esc(r) =
L∑
l=0
l∑
m=−l
[
asclmM
h(2)
lm (r) + b
sc
lmN
h(2)
lm (r)
]
(6)
where
M
f
lm(r) =
Lˆ [fl(kr)Ylm(r)]√
l(l + 1)
N
f
lm(r) =
1
k
∇×M
f
lm(r) (7)
with jl(·) and h
(2)
l (·) respectively the spherical Bessel function and the spherical
Hankel function of the second kind. The angular momentum operator Lˆ is given by:
Lˆ = −jr×∇ = j
[
eθ
1
sin θ
d
dθ
− eφ
d
dφ
]
(8)
The total field impinging on the kth sphere is the field generated by the source plus
the scattered fields of all the other spheres. Mathematically, this can be expressed
as follows:[
a
inc,k
lm
b
inc,k
lm
]
=
∑
j 6=k
L∑
l′=0
l′∑
m′=−l′
[
α¯MMlm,l′m′(rk − rj) α¯
MN
lm,l′m′(rk − rj)
α¯MNlm,l′m′(rk − rj) α¯
MM
lm,l′m′(rk − rj)
]
·
[
a
sc,j
l′m′
b
sc,j
l′m′
]
+
[
a
source,k
lm
b
source,k
lm
]
(9)
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The α¯-matrices are the translation matrices for the vectormultipoles [4]. To get
a solvable linear system of equations, another relation between the scattered and
incoming field of the spheres is required. This relation is provided by means of the
so-called T-matrix of the spheres. The T-matrix of a sphere converts an incoming
field, expressed as a vector of multipole coefficients, into the corresponding scattered
field: [
a
sc,k
l′m′
b
sc,k
l′m′
]
=
L∑
l=0
l∑
m=−l
T¯kl′m′,lm ·
[
a
inc,k
lm
b
inc,k
lm
]
(10)
For a homogeneous sphere T¯kl′m′,lm is a diagonal matrix and it can be computed
analytically. For more complex geometries, it can be calculated numerically. Multi-
plying (9) with T¯kl′m′,lm yields a matrix equation which only contains the scattered
fields.
Solving this matrix equation can be done using an LU-decomposition, but this re-
quires O(N3) multiplications and O(N 2) memory size. For large problems, this
is unacceptable. However, using an iterative technique in combination with a fast
multipole method (FMM) for the matrix-vector multiplications, the computational
complexity and memory requirements can both be reduced to O(N). The geometri-
cal detail of metamaterials is smaller than the wavelength while a piece of metama-
terial is usually larger than the wavelength. Therefore, the FMM for the simulation
of metamaterials must work for both low-frequency (LF) as high-frequency (HF)
problems. The Stable Plane Wave Method (SPWM) [5] satisfies this requirement.
It incorporates propagating as well as evanescent plane waves by means of the fol-
lowing spectral representation of the Green function:
h
(2)
0 (γr) =
1
2pi
∫ ∞
−∞
∫ ∞
−∞
e∓jk·r
dkxdky
γkz(γ, K)
, z = uz · r ≷ 0. (11)
Here, kz is a quantity depending on γ and K =
√
k2x + k
2
y, defined as
kz(γ, K) =
{√
γ2 −K2, γ ≥ K
−j
√
K2 − γ2, K > γ
(12)
Unfortunately, equation (11) is valid only if z ≷ 0. This is caused by the fact that
evanescent waves grow exponentially if this condition is not satisfied, causing the
integral representation (11) to diverge. Similar expressions for the other half-spaces
are easily obtained, but the fact that six different representations (x, y, z ≷ 0) are
needed means a serious reduction of the efficiency of the method. The aggregations
and disaggregations are the dominant computational costs. However, it has been
recently shown [6] that the (dis)aggregation from (to) multipoles to (from) the six
plane wave patterns can be accelerated by using the symmetry of the aggregation
matrices. This acceleration has been used here.
Results
A Luneberg lens with a diameter of 8 wavelengths was simulated. The wavelength
is 2m, the radius of the spheres is 0.12m, and their relative permittivity is 12. The
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total number of spheres is 42899, which results in 257394 unknowns if only the
dipole scattering term is taken into account. The incoming field is a plane wave
traveling in the negative z-direction: Einc(r) = uxe
jk·r. The simulation was run on
a computer with 4 Opteron 270 processors. Multithreading was only used for the
(dis)aggregation stage. Memory usage was approximately 7Gb and the simulation
took 10 hours. In figures 2(a) and 2(b), the amplitude and phase of ux ·E
tot(r) are
plotted in the plane x = 0. In 2(a) the spheres intersecting with this plane are also
shown, while in 2(b) the contour of the lens is shown. The focussing effect of the
lens is clearly visible in both plots, thereby validating the design and the simulation
method.
(a) Amplitude (dB) (b) Phase (rad)
Figure 2: Amplitude and phase of the x-component of the electric field in the
Luneberg lens.
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